The abelianization of the level 2 mapping class group 

Masatoshi Sato 

' Abstract 

o : 

, In this paper, we determine the abelianization of the level d mapping class group for d — 2 and odd d. 

We also extend the homomorphism of the Torelli group defined by Heap to a homomorphism of the level 2 
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1 Introduction 



Let g> 1, r = 0, 1, and d > 0. We denote by T,g^r a closed oriented connected surface of genus g with r boundary 
components. Wc denote by DifF+ (Sg 9Sg the group of orientation-preserving diffcomorphisms of Eg ,, which 
fix the boundary pointwisc. The mapping class group of Eg ,, is defined by A^g,r := tto Diff+(Sg.r, 9Sg.r). Fix 
the symplectic basis {Ai, Bi}f^-^ of the first homology group Hi{T,g^r', Z). Then the natural action of Mg^r on 
this group gives rise to the classical representation p : Adg^r — * Sp(25; Z) onto the integral symplectic group. 
The kernel Tg^r of this representation is called the Torelli group. 

The level d mapping class group A^g.r[c?] C Aig.r is defined by the kernel of the modd reduction A4g,r 
Sp(2(/;Zd) of p. The level d congruence subgroup Tg[d\ of the symplectic group is defined by the kernel of 
modrf reduction map Ker(Sp(2(7; Z) Sp(25i; Z^)). This is equal to the image of Mg^r[d] under p. The group 
A4g[rf] arises as the orbifold fundamental group of the moduli space of nonsingular curves of genus g with level 
d structure. In particular, for d> 3, the level d mapping class groups are torsion-free, and the abelianizations 
of the level d mapping class groups are equal to the first homology groups of the corresponding moduli spaces. 

In this paper, we determine the abelianization of this group ^Ag^r[d] and rg[(i], for d = 2 and odd d when 
g > 3. This is an analogous result in Satoh[22] and Lee-Szczarba[17] for the abelianizations of the level d 
congruence subgroups of AutF„ and GL(n; Z). To determine the abelianization Hi{A4g^rl^];Z), we construct 
an injective homomorphism /3cr : A^g.i[2] Map(ffi (Eg; Z2), Zg). This function is defined using the Rochlin 
functions of mapping tori. We will show that this is an extension of a homomorphism of the Torelli group defined 
by Heap[6]. To determine the abelianization Hi{Mg^r[d]; Z) for odd d, we construct the Johnson homomorphism 
of modulo d on M.g^r[d]- 

Historically, McCarthy[18] proved that the first rational homology group of a finite index subgroup of A1g,r 
which includes the Torelli group vanishes for r = 0. More generally, Hain[5] proved that this group vanishes for 
any r > 0. 

Theorem 1.1 (McCarthy, Hain). Let A4 be a finite index subgroup of Adg^r that includes the Torelli group, 
where g > 3, r > 0. Then 

J?i(7W;Q) =0. 

Farb raised the problem to compute the abelianization, that is the first integral homology group, of the 
group Mg^r[d] in Farb[4] Problem 5.23 p. 43. Recently, Putman[20] also determined the abelianization of the 
level d congruence subgroup of the symplectic group and the level d mapping class group for odd d when g > 3. 
See also [21]. 

This paper is organized as follows. In section 2, we determine the commutator subgroup of the level d 
congruence subgroup of the symplectic group for every integer d > 2. This is mainly relies on the work of 
Mennicke[19] and Bass-Milnor-Serre[l] on congruence subgroups of the symplectic group. We also obtain the 
abelianization of rg[(i] (Corollary 2.2). Let spin(M) be the set of spin structures of an oriented manifold M with 
trivial second Stiefel- Whitney class. In section 3, we will construct the injective homomorphism fS^ : A^g,i[2] 
Map(ifi(Sg; Z2), Zg) for a G spin(Sg). We will determine the abelianization of the level 2 mapping class group 
using this homomorphism. Let n be a positive integer. Denote the Rochlin function by R{M, ) : spin(M) Zig 
for a. An — 1-manifold M. For a G spin(M), R{M, a) is defined as the signature of a compact 4n-manifold which 
spin bounds (Af, cr). See for example Turacv[23]. We will define the homomorphism (3a{^p) using the difiierence 
R{M,(t) — R{M,a') for a mapping torus M = of (/^ e Alg^i[2]. Turaev[23] proved that it can be written 
as the pin" bordism class of a surface embedded in the mapping torus. We can compute (3^ by examining this 
pin~ bordism class. 

The main theorem in this paper proved in Section 4 is illustrated as follows. For {arj}"^^ C iIi(Sg^i; Z2), 
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define / : Hi{Eg,i; Z2)" ^ Z2 by 

I{xi,X2,- ■ ■ ,Xn) ■= X] {xi-Xj)mod2, 

l<i<j<n 

where Xi ■ Xj is the intersection number of Xi with Xj. Wc denote by Z8[iJi(Sg^i; Z2)] the free Zg-module 
generated by all formal symbol [X] for X e Hi{T,g^i). Define : Hi{Eg^i; Z)" ^ Z8[ifi(Sg,i; Z2)] by 

n 

A^{XUX2,--- ,Xn) = Y.[x^]+ ^ (-l)^^^"^^) [x, + X,] + ^ (-1)'^='*'^^ '""'^Xi + Xj + Xk] 
j=l l<i<j<n l<i<j<fe<n 

+ • • • + ,x„)[^^ + + ars + • • • + e Z8[ifi(Sg,i; Z2)]. 

Theorem 1.2. Lei 5 > 3. Denote by Lg^i C Z8[-ffi(Sg^i; Z2)] i/ie suhmodule generated by 
[0], 4A^(a;i,a;2), 2A^(a;i,a:2,a:3), A^(xi,a;2, • • • ,Xn) e Z8[i?i(Eg,i; Z2)], 
/or n > 3 anrf {xj}"^! C Z2). Then, we have 

Z8[i/i(S3,i; Z2)]/Lg,i ^ ifi(7Wg,i[2]; Z), 

as an Adg^i-module. 

We also determine the abelianization of the level 2 mapping class group of a closed surface in subsection 4.4. 

In section 5, we determine the abelianization of the level d mapping class group for odd d. The main tool is the 
Johnson homomorphism of modulo d on the level d mapping class group. This derives from the extension of 
the Johnson homomorphism defined by Kawazumi[14]. For H := iJi(Sg Z), denote by A?H/H the cokernel 
of the homomophism 

H K^H 

X ^ J2LM^^B,) /\X. 

Then, the abelianization of the level d mapping class group is written as: 
Theorem 1.3. For g > 3 and odd integer d>3, 

Hi{Mg[d];Z) = {h?H/H <S) Z^) H^{Vg[d\;Z) 

Hi {Mg,i [rf] ; Z) = {h?H Zd) e Hi {Vg [d\ ; Z) 

d 
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2 The abelianization of the level d congruence subgroup of symplec- 
tic group 

In this section, we determine the abelianization of the level d congruence subgroup Tg [d] of the symplectic group 
Sp(2p; Z). We denote the identity matrix by /. A matrix A G Tg[d\ can be written as A = I + dA' with an 
integral 2g x 2g matrix A'. Denote the matrix 

/p(^) q{A)\ 
[riA) s{A))' 

where p{A),q{A),r (A), and s{A) are gx g matrices. We also denote the (i, j)-element of a matrix u by Uij. For 
an even integer d, define the subgroup Tg [d, 2d] of the symplectic group by 

Tg[d,2d] := {A G Tg[d]\qu{A) = r„(.4) s 0mod2 for z = 1, 2 • • • , 5}. 

This subgroup was proved to bo the normal subgroup of Sp{2g; Z) in Igusa[8] Lemma l.(i). 
We will prove in this section: 

Proposition 2.1. Let g>2. For an odd integer d, 

Tg[d'] = [Tg[d],Tg[d]]. 

For an even integer d, 

rg[d\2d'] = [Tg[d],rg[d]]. 

Before proving Proposition 2.1, we calculate the abelianization of the congruence subgroup Tgld] using 
this proposition. First, we compute the module rg[rf]/rg[d^] = Hi{rg[d];Z) when d is an odd integer. For 
A:=I + dA', B = I + dB' G Tg[d], we have 

AB = I + d{A' + B') mod d'^. (1) 

Hence, we can define the surjective homomorphism m : Tg[d] Z^^ '^^ by 

m{A) := (fej(A)}i<i<g,i<j<s,{gij(A)}i<i<j<g,{rij(^)}i<i<j<g) modrf. 

This is the restriction of the homomorphism of the level d congruence subgroup of SL{2g; Z) defined by Lee 
and Szczarba[17]. From the symplectic condition, we obtain p(j4) +*s(A) = 0,q{A) = *q{A), and r{A) = *r{A) 
mod d. Then, we have the exact sequence 

1 . Tg[d'] . Tg[d] Zf +^ . 1. (2) 



This shows that Hi{Tg[d\] Z) ^ 

Next, we consider the case when d is even. We compute the group Tg[d]/Tg[d^, 2d^] = Hi(T g[d]\7i) . By the 
exact sequence (2), we have another exact sequence 



^aW] m ^ 2g^+g 

Tg[d'^,2d?] Tg[d'^,2d?] 



^ +9 , 0. (3) 

1. g[U-,^U-\ l.g[U-,^U-l 

For a matrix 
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define the surjective homomorphism m'l : Tg[(P] —^ by 

mUA) := ({g,,(^)}ti,{r,i(A)}f^Jmod2. 

The kernel is equal to [d^ , 2(i^] . Hence, this induces the isomorphism V g\(i}\lV g\(P- = Z^^ . The exact 
sequence (3) is consequently wrriten as 



For a homology class y e Hi{Yjgy, Z), define the transvection Ty £ Sp(2(7; Z) by Ty{x) := x + {y ■ x)y. Then by 
the exact sequence (4), we see that Kerm is generated by the elements T'^,Tg,, where i = 1,2, - ■ ■ ,g. Since 
qii{Tj^.) = 1 and ru{T^.) = 1, the order of T%,,T^, e Vg[d]/Tg[(f, 2(f] are 2d. Hence we have: 



Corollary 2.2. For g>2, 



iJi(r,[d];Z) 



+^ if d is odd, 

~^ ® Z22 if d is even. 



2.1 Proof of Proposition 2.1 

In this subsection, we prove Proposition 2.1. 
By the equation (1), we have 

[Tg[d\,Tg[d\]<ZTg[d''] 

for every d>2. In particular, if d is even, it is shown that 

[Vg[d\,Tg[d\]GTg[d\2d^] 

in Igusa[8] Lemma l.(ii). Hence, it suffices to prove 

TgM^] C [r3[d],rg[(i]], for d odd, and 
Tg[d^,2d^] C [rg[d],rg[(i]], for rfcvcn. 

First, we show that 2d[T^^] = for every d. A straightforward computation shows the following lemma. 
Lemma 2.3. For g>2 and d>l, 

rpd /'T^^ \{,o,\h\ + y)a'^ (rpd rp — d_,—d\h\a2(rpd i—drp — d\a\a2rpd 

^aiAi+biBi+a2A2 ^ y-'- A2) Bi+A2^ A2 ) K-'' A1+A2'' A^^ A2 ' ^ aiAi+biBi' 

If we put ai = 1, 02 = —1, bi = 0, we obtain 

[Tt+A^] + [^I-aJ = 2[Tij + 2[Tij. 

Let x,y G Hi{T,g^r\ Z) be elements such that x-y = and {x, y} can be extended to form a basis of HiCEg^r', Z)). 
Then, there exists y e Adg^r which satisfies (p*{x) = Ai, and ip*{y) = A2. This shows that: 

Lemma 2.4. If x,y G Hi{T,g^r', Z) satisfy x ■ y = 0, and {x, y} can be extended to form a basis of HiCEg^r', Z), 
then we have 
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Remark 2.5. For i = 1,2,3,4, let Di C S*^ be mutually disjoint disks. By the assumption of x,y in Lemma 
2.4. we ca.n choose an embedding i : — n^_2-Di ^g,r such that [i{dDi)\ = — [i{dD2)] = x, and [i{dD^)] = 
— [i{dD/^)] = y. The Lantern relation of this embedding 

also shows the above relation. 

Put X = kAi + A2, y = Ai in the equation of Lemma 2.4, and take the summation over k = 1,2, - ■ ■ ,d — 1. 
Then, we have 

2d[Tjj=0e//i(r,[d];Z). (5) 
Next, we show that rf[T^J = when d is odd. By the equation (5) and Lemma 2.4, we have 

for fc G Z. If d is odd, we obtain 

d[T^] = d[T^^^] = d[T^]. (6) 
If we put ai — bi ^ 2, and a2 = 1 in Lemma 2.3, we have 

[I^2A.+2B.+aJ = 5[Ta,]' + n<+Aj - [Tij - [T|J) + 2([Ti^+^J - [Tjj - [Tij) + [T,\^+,n,]. (7) 

If we apply the equation (6) to d times the equation (7), we have 

d[Tl]=OeH,{r,[d];Z). (8) 

We need the theorem proved by Mennicke[19], which is essential in this proof. 

Theorem 2.6 (Mennicke). Let g > 2 and d > 0. If Q is a normal subgroup ofSp{2g; Z) which contains T^^, 
then 

Tg[d] C Q. 

By the equation (8), wc have G [rg[rf], rg[rf]] when d is odd. By the equation (5), we also have 
Tit ^ [rsH,rg[d]] when d is even. Hence we obtain 

rg[2d^] c [rg[ci],rg[(i]] if d is even, and 
^g[d^] C [rg[cq,rg[rf]] if is odd. 

Thus, we have proved the case when d is odd. To prove the case when d is even, it suffices to show: 
Lemma 2.7. If d is even, 

rg[d\2d']c[Tg[d],TM- 

Proof. We have already known that r(,[2(i^] c [r(,[d], rg[d]]. Hence, we examine the quotient group rg[(i^, 2(i-^]/rg[2(i^]. 
The symplectic group Sp(2£f; Z) acts on Tg[d^, 2rf^]/rg[2rf^] by the conjugation action. For 1 < i,j < 2g, denote 
the 2g X 2g matrix eij which has 1 in the (i, j)-element, and in the other elements. First, we prove that 
Tg[d'^, 2d'^]/Tg[2d'^] is generated by / + (i^(eig+2 + 62^+1), / + d^(ei 1 — e^+ig+i) as a Sp{2g; Z)-module. 
Similar to the homomorphism m, for a matrix 
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we define the surjective homomorphism m'2 : Tg [dP , 2(P] Z^' 



by 



1T^2 ■■= ({Pu(^)}i<i<5,i<j<9>{%(^)}i<<<j<9>{ni(^)}i<i<j<s) mod2. 



Then, it is easy to see that Kermj = Tg[2d'^], and m'2 induces the isomorphism rg[cf,2(f]/Tg[2d'^] = T?^ ^ ■ 
For i, j such that 1 < i,j < g, i j, there are elements of Sp{2g; Z) which map 4-tuple of homology classes 
{AuA2,Bi,B2) to 



respectively. By the conjugation action, these elements send / + (P{eig+2 + e2g+i) to 

I + (f{eig+j +ejg + i),I + (f{eg + ij +eg + ji), and I + (f{eij - Cg+j g + t) G Tg[(f ,2(f]/Tg[2(f], 

respectively. Denote the Kronecker delta by Sij . Then we have 

Pki{I + d^{eig+j + ejg+i)) = Qkiil + d^{eg+ij + Cg+ji)) = rki{I + (^{eij - eg+jg+i)) = SikSji. (9) 

In the same way, there is an element of Sp{2g; Z) which map the pair {Ai,Bi) to {Ai, Bi). This element sends 
7 + rf^(eii - Cg+ig+i) to I + d^{eii - Cg+ig+i). Notc that 



Then we sec that from the equations (9) and (10), Tg[d'^, 2d'^]/T g[2d^] ^ ^ is generated by the elements 

I + d^{eig+2 + e2g+i), / + c/^(eii - e^+ig+i) as a Sp(2£/; Z)-module. 
Next, we will show that 



( j4 j , Aj , Bi , Bj ) , (Bj , Bj , Ai , Aj ) , and {A^ , Bj , B^ , Aj ) , 



Pkk{I + d^ie^i + Bg + tg + t)) = S^k- 



(10) 



I + d''{eii-eg+ig+i),I + d\eig+2 + e2g+i)G[Tg[d],rg[d]]. 



(11) 



For A = 7 + dA', B = I + dB' e Tg[d], we have 



ABA-^B-^ =1 + d^{A'B' - B'A') modrf^. 



If we put A' = eig+i,B' = 
The fact (11) shows 



Cg+ii, and A' = 



ei2 - eg+2g+i. 



B' = 



e2g+2, we get (11). 



rg[d\2d^]C[Tg[d],rg[d]]. 



This proves the lemma. 



□ 



Hence, we complete the proof of Proposition 2.1. 
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3 The abelianization of the level 2 mapping class group 



In this section, we will define a family of homomorphisms 

for a € spin(Sg) and x G iJi(Sg;Z2) (Lemma 3.2). This family determines the abelianization of the level 
2 mapping class group. The homomorphism /^^.a- if' proved to be an extension of the homomorphism LOa-^y 
defined by Heap [6] to the level 2 mapping class group (Subsection 3.5). We will calculate the values of this 
homomorphism on generators of the level 2 mapping class group using the Brown invariant (Proposition 3.8). 

3.1 Spin structures of mapping tori 

Fix a closed disk neighborhood iV(co) of a point cq in Eg. The mapping class group ttq Diff_|_(Sg, 7V(co)) is 
the group of isotopy classes of orientation-preserving diffeomorphisms of Eg which fix the neighborhood N{co) 
pointwise. By restricting each diffeomorphism to Eg — Int iV(co), the group ttq Diff+ (Eg, N{co)) is isomorphic to 
Adg^i. Hence, we identify these two groups. We also identify the kernel Ker(7ro Diff+(Eg, N{co)) Sp{2g; Z2)) 
of the mod 2 reduction of p with A^g^i[2]. 

For Lp = [f] G A^g,i, denote the mapping torus of (p by M := M^^ := Eg x [0, 1]/ ^, where the equivalence 
relation is given by (/(a;),0) ~ {x,l). In this subsection, we define a map : spin(Eg) sp'm{M^) for 

First, we define the spin structure of an oriented vector bundle. Let E ^ V he a smooth oriented vector 
bundle of rank n on a smooth manifold V. We denote by P{E) the oriented frame bundle associated to this 
bundle. When the Stiefel- Whitney class W2 of E vanishes, we define the spin structure of _E by a right inverse 
homomorphism of the natural homomorphism Hi{P[E); Z2) Hi{y\ Z2). Denote by spin(i<^) the set of spin 
structure of E. Since P{E) is a principal GL+{n) bundle and W2 vanishes, the Serre spectral sequence shows 
that 

> H\V;Z2) > H^P{E)- Z2) > Z2 > 

is exact. Define the injective map 

spm{E) ^ H\P{Ey,Z2) 

hy a V, where v is the unique nontrivial element in Kercr. The element v G iJ^ (P(i?) ; Z2) restricts to 
an non-trivial element in each fiber of P{E) —t V . This is also equivalent to consider the double cover of the 
orthonormal frame bundle associated to the bundle E with a fiber metric. In detail, for example, see Lee-Miller- 
Weintraub[16] Section 1.1. For an oriented smooth n-manifold V, we define the spin structure of V by the spin 
structure of the tangent bundle TV. We denote simply by spin(y) := spin(Ty) the set of spin structure on V. 
Note that a spin structure of V is equivalent to a spin structure of V x (— e, e)*', for e > and fc > 0. 

Next, we define the injective map 9 : spin(Eg) ^ spin(M;p). Fix a spin structure on Eg. Since ip> G A^g^i[2] 
acts on Hi{Y,g] Z2) trivially, the Wang exact sequence is written as 

. iri(Eg;Z2) ^ Hi{M;Z2) > Hi{S';Z2) > 0. 

The inclusion map / : N{co) x 5^ — > M gives the splitting 

i?i(M; Z2) = i/i(Eg; Z2) ® H^iS'; Z2). 

In order to define the spin structure on M, we will construct homomorphisms from each direct summand to 
Hi{P{M)- Z2). For iV(co) x C M, define the framing 1 : P{N{co) x 5^) by i{t) = {voCOs2iTt + 
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vi sin 2Trt, vi cos 2nt — vq sin 27rf, vsi {i}), where {vq, vi} is a frame of TcgN{co), and Vs^ {t) € TfS^ is a nonzero 
tangent vector. This framing induces the homomorphism 

H^{S\Z2) — ^ Fi(P(7V(co)x5i);Z2) H^{P{M)-Z2], 

where inc* is the homomorphism induced by the inclusion map. 

Next, consider the natural smooth map -P(Sg x (— e, e)) P{M) induced by the inclusion of a tubular 
neighborhood x (— e, e) C M for small e. Using the spin structure on Eg, we have the homomorphism 

ifi(Sg;Z2) H^{P{Eg X (-e,e));Z2) //i (P(M); Z2). (12) 

Thus, we have constructed the homomorphism Hi{M; Z2) — > Hi{P{M); Z2). In this way, we obtain the map 
6 : spin(Eg) spin(M). 

3.2 A spin manifold bounded by Mapping tori 

Let Po := - Hf^^ Int denote a pair of pants, where {D^} are mutually disjoint disks and IntDj is interior 
of Di in S"^. Pick the paths a, /?, 7 € 7ri(Po)a;o) going once round boundary components as in Figure 1. Denote 
by Diff+(Sg, A''(co))[2] the kernel of the representation of Diff+(Sg, N{co)) on iIi(Eg; Z2). Consider Eg bundles 
with its structure group Diff_|_(Eg, 7V(co))[2]. For (p,ip € Mg^i[2], there exists a Eg bundle p : W = W^^^ — » Pq 
such that the topological monodromy 7ri(Po,.xo) ^ -'^g.i[2] sends a, /?, and 7 G 7ri(Po,.To) to ip^ and 
{ip'ip)~^ G A^g,i[2], respectively. This bundle is unique up to diffeomorphism. Note that the boundary dW is 
diffeomorphic to the disjoint sum 11 11 M(^^)-i. 




Figure 1: loops in a pair of pants 

In this subsection, we define a spin structure of W. We show that the induced spin structure on each 
boundary component of W is equal to that of the mapping torus defined in the last subsection. 
Since ^p,^ G Mg^i[2] act on iJi(Eg; Z2) trivially, we have the splitting 

H,{W; Z2) = H.illg- Z2) ® H,{Po; Z2) 

by the inclusion map N^cq) x Pq ^ W. In order to define the spin structure on TV, we will construct homomor- 
phisms from each direct summand to Hi{P{W); Z2). By the local triviality of the bundle ^ Po, we have a 
neighborhood Eg x (— e, e)^ C W of the fiber on Xq S Pq. Define the homomorphism 

ifi(Eg;Z2) — ^ H.iPiHg X (-e,e)2);Z2) ifi(P(IF); Z2). (13) 
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Next, we will construct the liomomorphism Hi{Pq; Z2) Hi{P{W): Z2). In the disk D"^ = {{x, y) G | + 
^ 1}) choose two mutually disjoint disks Di, D2 C Int D^. Choose an orthonormal frame {vq, v'l} of R^. Let 
s : D^-Di-D2^ P{D'^ - Di - D2) = {D^ -Di- D2) x R^ be the trivial framing defined by s(x) = {x, v'o,v[). 
By identifying Pq with D"^ - Di - D2, we have the map V : Pq P{N{cq) x Pq) by i'{x) = {vq, Vi,s{x)). This 
map and the inclusion N{co) x Pq ^ W induce the homomorphism 

Fi(Po;Z2) H,{P{N{co) X Po);Z2) H,{P{W);Z2). (1^) 

Define the spin structure of W by the homomorphisms (13) and (14). 

Note that the homomorphism (13) is equal to the composite of (12) and the inclusion homomorphism 
Hi{P{M X [0, e)); Z2) Hi{P{W); Z2), where M x [0, e) C W is a collar neighborhood. We also see that the 
diagram 

Hi{dD,-Z2) > Hi{Po;Z2) 

I I 

Hi{P{N{co) X 5i);Z2) > Hi{P{N{co) x Po);Z2) 

commutes. Hence, the manifold W is spin bounded by M^p, M^, and M((^^)-i which were defined in the last 
subsection. 

3.3 The homomorphism P^^j. on the level 2 mapping cIeiss group 

In this subsection, we will construct a homomorphism which determines the abelianization of the group A^g^i[2], 
using the Rochlin functions of mapping tori. 

First we review the simply transitive action of iJi(Eg; Z2) on spin(Eg). Identify Hi{T,g; Z2) with H^(T,g; Z2) 
by the Poincare duality. By the Serre spectral sequence, we have the exact sequence 

1 > Z2 > ifi(P(Sg);Z2) > H.i^g- Z2) ^ 1. 

For X e H^CEg] Z2) = Hom(iIi(Sg; Z2), Z2), we denote again by x : i?i(Sg; Z2) — > Hi{P{T,g); Z2) the composite 
of X : Hi{T,g; Z2) — > Z2 and the inclusion Z2 C Hi{P{T,g); Z2). Hence, for a G spin(I]g), we have another spin 
structure a + x : Hi(T,g; Z2) i?i(P(Eg); Z2). In this way, Hi{T,g; Z2) acts on spin(Eg). 

Every spin 3- manifold is known to bound a spin 4-manifold. For (f G A^g_i[2], choose a compact oriented 
spin manifold V which is spin bounded by the mapping torus M = M^. Then the Rochlin function of (M, a) 
is defined by 

R{M,a) := Sign V mod 16. 
This is well-defined by Rochlin's theorem, and is called the Rochlin function. 
Definition 3.1. For x G Hi{T,g; Z2) and a G spin(Sg), define the map 

/?a,x :A^s,i[2]^ (^Z)/8Z 

by0aA^) := {R{M^,e{a)) - R{M^),e{c7 + x))/2 mod 8. 

Here, 9 : spin(Sg) spin(M;p) is the map defined in Subsection 3.2. 
Lemma 3.2. (S^^x is a homomorphism. 



10 



Proof. As we saw in Subsection 3.2, for (p,ip ^ Mg^i[2], the spin 4-manifold W,^,^ is spin bounded by the 
mapping tori H 11 M(^^)-i. Therefore, we have 

R{M^, 0{a)) + R{M^,e{a)) - R{M^^, 9{a)) = Sign W^,^, 
R{M^, e{a + a;)) + R{M^, e{a + x)) - R{M^^, 6{a + a;)) = Sign W^.^- mod 16. 

Hence, we have P^A^'^) = P'^Av) + P'^A'^)- ^ 

As we will show in Subsection 3.4, the image Im/S^.x is in Zg. Denote by Map(-ffi(Sg; Z2); Zg) the free 
Zg-module consisting of all maps iIi(Sg;Z2) Zg. We can define the homomorphism (So- : A4g,i[2] — > 
Map(ifi(Sg; Z2); Zg) by (3a{ip){x) = PaA'f). 

3.4 Brown invariant 

The Pin^(n) group is a central extension of the 0{n) bundle. Let F be a (not necessarily oricntablc) closed 
surface. A pin" structure of F is defined by the principal Pin" (2) bundle associated to the tangent bundle TF, 
where Pin~(2) acts on via its covering projection to 0(2). Brown defined the invariant of a closed surface F 
with a pin" structure, called the Brown invariant. In this subsection. We review this invariant and its relation 
to the Rochlin functions stated by Turaev[23]. 

Definition 3.3. Let F he a (not necessarily orientable) closed surface. If a function q : Hi{F;Z2) — > Z4 
satisfies q{x + y) = q{x) + q{y) + 2x ■ y, we call q the quadratic enhancement. 

On a closed surface F, a pin" structure a induces a quadratic enhancement qa as follows. Denote the 

determinant line bundle of the tangent bundle by dctF. Then E := TF © dot F has a canonical orientation. 
The set of pin" structures of F is known to corresponds bijcctively to the set of spin structures of F. In detail, 
see Kirby- Taylor [15]. For an element v G i?i(F;Z2), choose a simple closed curve K (Z F which represents 
V. Denote the normal bundle of TK c TF\k and TF c E\f by N{F/K) and N{E/F), respectively. Then 
the restriction E\k can be written as E\k = TK ® N{F/K) ® N{E/F)\k- If we fix the orientation of K, the 
bundle F' = N{F/K) N{E/F)\k gets also oriented. 

Choose a non-zero section sk '■ K ^ TK. We call a framing s : K P{Tj') is odd if and only if the 
induced homomorphism s® Sk '■ Hi{K; Z2) ifi(F(F); Z2) is not equal to the homomorphism Hi{K; Z2) ^ 
Hi{P{E); Z2) induced by the spin structure of E. 

Definition 3.4. Choose an odd framing on K. Using it, count the number of right half twists that the odd 
framing of K makes in a complete traverse with F. We denote this number by qa{v)- This induces the map 
qa ■ Hi{F; Z2) — > Z4. We call it the quadratic enhancement of a pin~ structure a. 

This number does not depend on the choice of the representative of a homology class, the orientation of K, 
and the odd framing of N{F/K) ® N{E/F). In detail, see Kirby- Taylor [15] section 3. In particular, if F is an 
orientable surface, this number is equal to twice the quadratic function induced by the spin structure on F. 

Definition 3.5. Let F he a closed surface with its pin~ strucure a. Then, the Brown invarant e Zg of a 
is defined by the equation 

^\Hi{F- Z2)| exp(27r\/^S„/8) = exp(27r\/^g„(a;)/4). 

a;effi(F;Z2) 

Consider a closed surface F which represents s G H2{M: 7i2). Then, the surface F has canonical pin" 
structure induced by the spin structure of the tubular neighborhood of F. Furthermore, the pin" bordism class 
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of F docs not depend on the representative of ,s G H2{M : Z2) (Kirby- Taylor [15] (4.8)). Denote the pin^ bordism 
group by QS*" . It is known that the Brown invariant gives the isomorphism fJg*" = Zs (Kirby-Taylor[15] 
Lemma 3.6). For a, a' G spin(M), Turaev[23] showed that the difference R{M,a) — R{M,a') is written by the 
Brown invariant of the pin~ structure of an embedded surface. 

Lemma 3.6 (Turaev [23] Lemma 2.3). Let M be a closed manifold with its Stief el- Whitney class W2 = 0. 
Denote the closed surface F C M which represents the Poincare dual of x € H^{M;Zi2). For a spin structure 
a of M, denote the induced pin~ structure a of F. Then we have 



R{M, a) - R{M, a + x)= 2B„. 

Apply the lemma to the case when M is a mapping torus. Then, we obtain pa,x{v) 
if e Mg,i[2] and x G Hi{T,g-Z2). 



Ba e Zs, for 



3.5 Heap's homomorphism 

In this subsection, we review the homomorphism uJa,y '■ ^g,i Z2 defined by Heap[6], and show that the 
homomorphism P^^^^ defined in Subsection 3.3 is the extension of uJa^y to the level 2 mapping class group. 

First we define a spin manifold M' = M'^. For a G spin(Sg) and (p G A^g,i[2], endow the spin structure 9{a) 
on the mapping torus M := M^. Denote by M' = (M - iV(co) x 5^) U {dN{co) x D^) the manifold obtained by 
the elementary surgery on N{co) x C M. We can choose the spin structure of dN{co) x so that it induces 
in the boundary dN{co) x the spin structure induced by 9{a). Hence, the elementary surgery is compatible 
with the spin structure, and M' has the induced spin structure. 

Next, we define Heap's homomorphism u}a,y For a group G, denote the spin bordism group of K{G, 1)- 
space by nT"{G) := nr"(ii'(G', 1)). Note that if G Jg,i, we have Hi(Sg;Z) 9i Hi{M';Z). Hence, we 
have the canonical homomorphism tti(M') Hi{Yig\ Z). Let / : M' K{Hi(Tig; Z), 1) be a continuous map 
corresponding to this homomorphism. This map induces the homomorphism 

??a,2:X,,i^f2f"(ifi(S,;Z)), 

which maps ip G Ig^i to [(/, M')]. In the same fashion, ii ip G Mg^i[2], we have -ffi(Sg; Z2) = Hi{M'; Z2). Let 

r?.,2[2] : Mg,i[2] ^ Of "(ifi(S,; Z2)) 

be the homomorphism induced by 7ri(M') — > ifi(Sg; Z2). 

For y G H^CEg-, Z) = Hom(iIi(Sg; Z), Z), we have the commutative diagram 

y rr 



ffi(S,;Z) 



mod 2 



mod 2 



iJi(S,;Z2) Z2. 



which induces the commutative diagram 



'•9,1 



nr\H,{j:g-z)) 



f7f ^"(Z) ^ Z2 



MgA'A nf"(^fi(S9;Z2)) i^i^^:^ of"(Z2)^Z8. 



Then, Heap's homomorphism 



is defined by uja,y = y*r]a,2 for y G i?i(Sg; Z). 



■,y ■ 1g,l Z2 
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Lemma 3.7. For a e spin(Eg), y £ Hi{T,g; Z) and £ 1g,i, 



/?<7,ymod2(V') = 4a;^,!/(V') e Zg. 

Proof. First, we explain the isomorphisms 03^'"(Z) = Z2 and n3^*"(Z2) = Zg in more detail. 

For an [(/, M')] e n3^'"(S'^), choose a closed oriented surface Fy C M' which represents the Poincare dual 
of the pullback y := f*c G H'^{M;Z) of a generator c e H^{S^; Z). Then Fy has the spin structure ay induced 
by cr e spin(M). For an oriented compact spin surface F, denote by Arf{a) the Arf invariant of a G spin(F). 
By the Atiyah-Hirzebruch spectral sequence, the homomorphism 

defined by [(/, M')] 1— > Arf (cTy) is isomorphic. This homomorphism does not depend on the choice of the 
generator c. 

Similarly, for [(/, M')] G ^1^^"{Z2), choose a closed surface F^ C M' which represents the Poincare dual 
of X := f*wi e H^{M';Z2) of the Stiefel- Whitney class wi G ffi(RP°°;Z2). Then, F^ c M' has the pin- 
structure induced from the spin structure of M'. Then, there is an well-known isomorphism 

given by [(M',/)] 1-^ [Fx,ax]- Under the isomorphism 

^ Zg, 

[F^,q;x] maps to Sq,^. 

Next, we prove (3c,x{f) = ■T*f?cr.2[2](v5) for ip G A4g.i[2] and x G -ffi(Eg;Z2). Consider x as an element 
of iJi(M<^;Z2) under the inclusion ifi(I]g;Z2) = H^{T,g;Z2) = H^{M^; Z2). We can choose a surface F^ C 
M — (iV(co) X S^) which represents the Poincare dual of x with a pin" structure a^. Then, we have 

Pa,x{>fi) = = X^r]aa[^]{'p)- 

By the definition of the Brown invariant, we see that the homomorphism r^3^™(Z) r>J^^^{Z2) = Zg is 
written by 4 times the Arf invariant of a spin structure of the surface Fy. By the commutative diagram, we 
have /3cr,3/mod2('i/') = 4w<T,j/(V') e Zg for ijj G Xg,i and y G Hi{'>lg;Z). □ 

3.6 The value of (3a,x 

Humphries ([7] p. 314 Proposition 2.1) shows that the level 2 mapping class group A^g,r[2] is generated by the 
square of the Dehn twists along all non-separating simple closed curve when 5 > 3. We will compute the value 
of the homomorphism defined in Subsection 3.3 on the generators of A^g,i[2], using the Brown invariant. 
For X G HiiYig-, Z2), define the map ix ■ Hi{T,g; Z2) ^ Zg by 




1 if a; • y = 1 mod 2, 
if a; • y = 0mod2. 



Note that this is not a homomorphism. For a G spin(Sg), denote by : Hi{T,g;Z2) — > Z2 the quadratic 
function of a. 

Proposition 3.8. Let C be a non-separating simple closed curve in Eg — N{co). Then we have 

P^itl) = (-l)«-(^^^[cl e Map(i7i(Eg;Z2),Zg). 
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Figure 2: the symplectic basis 

JV(Ci) 




Figure 3: the neighborhood N{Ci) 

Proof. We denote the symplectic basis {Ai, -Bi}i=i represented by the simple closed curves in Figure 2. Choose 
the oriented simple closed curves Ci and C2 as described in Figure 3. For any non-separating simple closed 
curve C, if we choose a mapping class e A^g,i such that <p(Ci) = C, we have 

/?a,x(tc)=/?a,xMci^"') 

= {R{M^,2^^^-.,e{a)) - R{M^,2^^^-.,9{a + x)))/2 
= {R{M,. ,6{v*cj))-R{M,. ,e{^*a + ^-\x))))/2 

Hence It suffices to show that (^aiic^) = (— l)'^''^'"^^*[Ci]- Let M := M(2^ denote a mapping torus. 

First, we calculate the value /3o-,Ai+Bi (icj- Consider the compact 3-manifold Mi := N{Ci) x J/ c M. 
Choose the compact surface Fi c Mi as shown in Figure 4. For the arc r = C2 fl {'Eg — Int N{Ci)) as in Figure 
3, denote another subsurface F2 := r x C M. Then, the surface F := FiU F2 represents the Poincarc dual 
of the homology class Ai + Bi e Hi(Y.g-Z2) = i?^(Sg;Z2) C i?^(M; Z2). Let a denote the pin structure 
of F induced by the spin structure of M. By Lemma 3.6 proved by Turaev, the value /3<j,Ai+Bi(ici) equals 
to the Brown invariant Hence we investigate the quadratic enhancement qa ■ Hi{F;Z2) — > Z4 of the 

pin~ structure of F. Pick the generator x,y, z of H\{F\ Z2) = Z2 ® Z2 ® Z2 as in Figure 4. We may assume 
x = Ax,y = Bx,z = {S'^\ e FL\{M\ Z). Then, we have 

q^{x) = -1 + 1q„{Ax), q^iv) = 1 + 2q„{Bi), q^{z) = 0, 
qa{x + y) = 2 + 2q„{Ai) + 2q„{B^), q^{y + z) = 1 + 2q„{Bi), q„{z + x) = 1 + 2q„{Ai), 

qc,{x + y + z) = 2q4Ai) + 2q^{Bi). 
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Figure 4: the surface Fi C Mi 



Hence the Brown invariant Ba satisfies 

^/\Hi{F; Z2)| exp(27r\/^Ba/8) = J2 exp(27r\/^fo(a;)/4) 

xeHi{F-Z2) 

= 2exp(27rv^(2g<.(Bi) + l)/4) + 2. 

Hence we have P^,A^+BAtc^) = Ba = (-l)'"^^^). 

Next, we show that Pa^x{tQ^) = for x G {Bi, A2, -82 • • • , Ag, Bg). Choose the simple closed curve C^; C Eg — 
N{Ci) which represents x G Hi{T,g; Z2). Denote the subsurface F' := x 5^ C M. This subsurface represents 
the Poincare dual of a; e iJi(Sg;Z2) = i?^(Eg;Z2) C if^(M;Z2) in M. Choose a generator x' := [C^ x 0], 
y' := [c X 5^] of Hi{F'; Z2) = Z2 ® Z2, where c e is a point. Then, F' is orientable and the spin structure of 
F' is induced by that of M. We denote this spin structure by a'. Since spin group naturally injects into pin~ 
group, we can consider a' as the pin~ structure of F'. Then, the quadratic enhancement q^' is equal to twice 
the quadratic function Qc^i . Hence we have 

qa'{x') = 2q„,{x) = 2q„{x), qa'{y') = 0. 

This shows that Pa,x{tcJ = ^a' = 0. 

Finally, we prove /3<^,Ai+x(tci) = PaAiitci)- We have 

Pa,Ai+Atk) = {R{M, a) - R{M, a + Ai + x))/2 

= {R{M, a) - R{M, a + Ai))/2 + {R{M, a + Ai) - R{M, a + Ai+ x))/2 

= 0a,Ai (*Ci ) + f^T+Ai ,x {tci ) ■ 

Since we have PaAii^Ci) = 0, it follows that P^^Ai+xitcJ = Pa,Aiiici)- 
Thus, for all x G i?i(Eg; Z2), we have 

□ 
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4 Proof of Theorem 1.2 



We calculate the order of the homology group Hi{A4g,i[2]; Z) in Subsections 4.2 and 4.3. Using these results, 
wc will prove Theorem 1.2. We also determine the abelianization of the level 2 mapping class group for closed 
surfaces. 

4.1 A homomorphism $ : Z[Sd] Hi{Mg^r[d]; Z) 

For a module K = Zj,, we denote by Hi{T,g^r', K)p" the set of primitive elements in Hi{T,g^r', K). Let 

5d:=ifi(Sg,,;ZdrV{±l}. 

In this subsection, we define the homomorphism $ : Z[Sd\ — > Hi{M.g^r[d\'-,'^)- In particular, this homomorphism 

is surjective when d = 2. 

The level d mapping class group acts on the set of isotopy classes of non-separating simple closed curves. 
We will prove that Sd corresponds bijectively to the orbit space of this action. Note that any element of 
Hi{T,g^r: Zy^^ is known to be represented by a simple closed curve. 

Lemma 4.1. The modd reduction homomorphism Hi(T,g^r','^)^" Hi{Y,g^r','^dY" is surjective. 

Proof. For Vd G Hi(Y:g^r','^d)^" , choose v G Hi(Y^g^r','^) which satisfies vmodd = Vd & Hi{llg,r]ZdY" ■ If v 
is not primitive, there exists an integer k >2 and a primitive element w € Hi{T,g^r'i'^y" such that v = kw. 
Since va is primitive, k and d are coprime. Then, there exist integers k', d' G Z such that kk' + dd' = 1. Choose 
w' e i?i(Sg,r-; Z)P" such that w ■ w' = 1. We have 

{v + dw') ■ {-d'w + k'w') = kk' + dd' ^1. 

Hence, v + dw' £ H-i{T,gy, Z) is primitive and v + dw' modd = t^d € -f^i(^g,r; Z^). □ 

Lemma 4.2. LetCi, C( C Sg,r be non- separating simple closed curves such that [Ci] = [C(] € Hi{Tig^r', Zd)/{±1} 
Then, there exists a mapping class [f] e M.g^r[d\ such that /(Ci) = C(. 

Proof. Fix orientations of Ci and C( so that [Ci] = [C(] e Hi{T,gy,Zd). Denote u := ([C(] - [Ci])/d G 
iJi(5](,,i.; Z). Choose the simple closed curve C2 which intersects Ci transversely at one point. Since [C'l] G 
H\{T,gy, Z) is primitive, there exists v G Hi{Y,gy, Z) which satisfies [Ci] = — m- [C2]. If we put a'2 := [C2]+dv, 
we have 

[C[]-a'2 = [C[]-{[C2] + dv) 

= (du+[Ci])-[C2]+d[C'-,]-v 
= du ■ [C2] + 1 + d[C'^] ■ V 
= 1. 

In particular, the element a'2 is primitive. Hence there exists C2 such that [C2] = €('2, and intersect C( 
transversely in one point. 

Choose a diffeomorphism / : T,g^r ^g,r which satsifies /(Ci) = C{, /(C2) = Cj, /|oSg,^ = idoSg^r-- Denote 
by {^}i=2^ homology class of Hi{T,g^r; Z) such that {[Ci], [C2]} U {Yi}^^'^^ makes the symplectic basis. 
Since we have f*{[Ci]) = [Ci] modd for i = 1,2, The symplectic action of / on Hi{T,g^r', Zd) induces the action 
on ©^£7^ Z^li- For an closed tubular neighborhood N{Ci) of C'i, denote the surface F := Eg — (Uint N{Ci)). 
Here, the action of the mapping class group Mg-i^r+i of F on Hi{F; Z^)/ Im(ifi(5f ; Z^) Hi{F\ Z^)) induces 
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the surjective homomorphism A4g-i^r+i Sp{2g — 2; Z) ^ Sp{2g — 2; Z4). Hence there exists g e DiS{F, dF) 
such that 

g4y^) = f*\Yi) G Hi{F;Za). 
It is easy to see that [f{g U irfuAr(Ci))] ^ -^g.ric^] is the desired mapping class. □ 

By Lemma 4.1, every element of Sd is represented by a simple closed curve. By Lemma 4.2, Sd corresponds 
to the orbit space of the action of Mg^rid] on isotopy classes of non-separating simple closed curves. 

Now, we define the homomorphism Z[Sd] Hi{A4g^r[<l\ \ Z). Denote by tc S Adg^r the Dehn twist along 
a simple closed curve C C By Lemmas 4.1 and 4.2, we can define the map $ : 5^ — > Hi{A4g^r[d]; Z) by 

^([^]) = ([C]) := [tc]- Extend this map to a homomorphism of Z-module 

$d:Z[5d]^ffi(A4g,.[d];Z). 
We consider the case when d= 2. Then, we have ^2 = Hi{Y,gy, Z2) — 0. Define $2([0]) := and extend $2 to 

$ := $2 : Z[ifi(S3,,; Z2)] ^ H^iMgA^];^)- 
Lemma 4.3. The homomorphism $ is surjective, and factors through Z8[-ffi(Sg.r; Z2)]. 

Proof. Humphries [7] proved that the level 2 mapping class group is generated by Dehn twists along non- 
separating curves. Hence, $ is surjective. Denote by Hi(Igy, Z)_a4^ ^[2] the coinvariant of the action of A^g_r[2] 
on Hi{Ig^r', Z). Consider the exact sequence 

Hi{Igy,Z)M,A2] ' HiiMgA'A-'^) ^ Fi(r<,[2];Z) > 0. 

The coinvariant Hi{Igy, Z)j^^^ ^[2] is proved to be a Z2-module in Johnson[13] Theorems 1 and 4, and we proved 
that Hi(Tg[2\; Z) is a Z4-module in Section 2. Hence iJi(7Wg_r[2]; Z) is a Zg-module. This shows that $ factors 
through the module Z^[Hi{T,gy, Z2)]. □ 

4.2 Upper bound of the order |i/i(Xg,i[2]; Z)| 

In this subsection, we examine the kernel of the inclusion homomorphism 

Hi{IgyZ)MgA2] -ffi(A^s,r[2]; Z), 

and give an upper bound of the order of iJi(7Wg,i[2]; Z). 

First, we review the Z2-module defined by Johnson[12]. We consider the commutative polynomial ring 
R with coefficient Z2 in formal symbol a; for a; € Hi{T,gy Z). Denote by J the ideal of this polynomial ring 
generated by 

X + y - {x + y -\- X ■ y), x"^ - x, 

ioT x,y £ H Z2, 

Denote by i?„ the module consisting of polynomials whose degrees are less than or equal to n. Define the 
module by 

jnRn' 

and denote 

Let Ai, BiYi^x denote a symplectic basis defined in Proposition 3.8. For the element a = E^^^AjBj e B'^, define 
the homomorphism ^ ^ hy x i—^ xa. Denote its cokernel by B^. Johnson determined the Sp(25; Z)- 
module structure of Hi(2g^rl '^Mg rp]- 
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Theorem 4.4 (Johnson[13] Theorem 1, Theorem 4). 

Next, we examine the kernel of i : B^^^ = HiiXg^r] 'L)MgA'A ~^ -^il-^s.J-p]; Z). 
Lemma 4.5. For r = 0, 1, 

1 e Ker i. 

Proof. As in Figure 5, choose the simple closed cinvcs Ci, C2, Di so that [Ci] = Bi, [C2] = Ai. For X € 
Z2), we denote simply (X) := ^(X). Tlien. by Lemma 12a in Jolmson[12] and the chain relation, we 




Figure 5: the curves 

have 

i{A{B^) = [to,] 

= 2 (Ai) + 2 (Bi) + 2 (Ai + Bi) . (15) 

If we choose G M.g^r such that ^p{Ai) = Ai, <^(-Bi) = Bi + B2, we have 

l{MBi+B2)) = 2 (Ai) + 2(Bi + B2) + 2(Ai+Bi+ B^) . (16) 

In the same fashion, by Lemma 12b in Johnson[12] and the chain relation, we have 

i(AiBi(B^ + 1)) = [tD^t-}] 

= [{tcJcM^] - (-B2) 

= (Bi) + {Ai) + {Bi + B2) + {Ai + Bi) + {Ai +Bi + B2) + {A^ + B2) - (B2) • 

Since l{2'Ai'Bx{B^ + I)) = 0, we have 

2 (Ai + Bi + B2) = -2((Si) + (Ai) + (Bi + B2) + (Ai + Bi) + (Ai + B2) - {B2)). 

Put this into the equation (16), then we have 

i(Ai(Bi+B2)) = 2 (Ai) + 2 (Bi + B2) 

- 2((Ai) + (Bi) - (B2) + {Ai + Bi) + {Ai + B2) + (Bi + B2)) 

= -2 (B,) + 2 {B2) - 2 (Ai + Bi) - 2 (Ai + S2) . (17) 



18 



By the equation (15) and (17), 



= 2 {Ai) + 2 {B2) -2{Ai+ B2) . 
If we choose <^ e M.g^r so that ip^{A\) = Ai, ip^{B2) = Ai + B2, we have 

i(Ai (Ai + B2)) = 2 (Ai) + 2 (^1 + B2) - 2 {B2) . 

Hence we obtain 

i{A^) = i{A^(A^+B2)-A{B2) 
= 4(^1). 

As we stated in the last subsection, //"i(A^g,r[2]; Z) is a Zg-module. Hence we have 8(Ai) = 8(-Bi) = 0. 
Therefore, we see that 



^ l{Ai + El - Ai - Bi) 
= 4((Ai + Bi) - (Ai) - (i?i)) 
= 4((Ai+Bi) + (Ai) + (Bi)) 
= i{2AiBi) = G ifi(7Wg,r[2];Z). 

By this lemma, we obtain the upper bound 

\H,{MgM,Z)\ < \BlJ{l)\\Hr{T,[2]-Z)\. 

4.3 Lower bound of the order |i/i(A^g i[2]; Z)| 

In this subsection, we give a lower bound of the order of -ffi(A^g,i[2]; Z) 

|//i(A^,,i[2];Z)|>|Z^«ezP®Zp)|. 

Using this result we determine the abelianization f/i(A^(,^i [2]; Z). 

For (7 e spin(Sg) and {xj}"^]^ C -H"i(Sg,i; Z2), define A<j(a;i, 3:2, •• • ,a;„) by 

n n 

A<,(ari,ar2,--- ,a;„) :=^(-l)«<'(-^)[ar,]+ + a;^] 

j=l l<j<fc<n 

+ . . . + + +x^ + ...^xn\& Zs[Hlij:gX, Z2)]. 

Lemma 4.6. 

+ a;„+i) + A<^(a;i,a;2,--- ,a;„_i,a;„) 
+ Ao-(a;i,a;2, • • • ,Xn-i,Xn+\) - 2Ao-(a;i, a;2, • • • ,a;„_i). 

Proof. For X e i?i(Sg,r; Z2), denote 

n n 

A^{xuX2,--- ,x„):=5^(-l)«'(-^+^)K+X]+ J2 

+ . . . + (_l)9.(xi+x.+...+x„+X) [^^ + ^2 + • • • + X„ + X]. 



□ 



19 



By the definition of A^, we have 

^a{x\,X2,-- ■ ,Xn-\,Xn,Xn+\) = l^^{xi,X2,-- ■ ,Xn-\,Xn) + ^%"+'' (xi, X2., ■ ■ ■ ,a;„_i,X„) (18) 

Similarly, we see that 

A^"+i(xi,a;2,- - • ,Xn-i-,Xn) =A^"+i(a;i,a;2, - •• ,Xn-i) + A^"+^"+i(a:i,a;2, • • • ,Xn-i) 

=lS.a{xi,X2, - ■ ■ ,a;„_i,x„+i) - A^(.Ti,a;2, • • • ,a;„_i) 

+ lS.„{xi,X2, ■ ■ ■ ,Xn-l,Xn + Xn+l) - A„{xi,X2, ■ ■ ■ ,Xn-l) 

Put this into the equation (18), then we obtain what we intended to prove. □ 
Lemma 4.7. For {xj}'^^-^ C Hi{11g^i; Z2) and x e -H'i(Sg; Z2), 

71 

/?<,$(A^(xi, ar2, • • • , Xn)){x) = 2""! [] , {x). 

i=i 

Proof. In Proposition 3.8, we proved that (}„^{{—iy'''^^^Xi){x) = ixi{x). Assume that for n — 1 the equation 
holds. By the Lemma 4.6, we have 

n-l 

(3a^{A^{xi,X2,-- ■ ,Xn,Xn+l)){x) = 2""^ J| ixj{x){ixn+Xn+i{x) + ixn{x) + ixn+i{x) - 1) 

n+1 

= Tl[^,.ix). 

This proves the lemma. □ 

Denote the homology classes Xn by X2j-i := Aj, and X2j = Bj for j = 1,2, ••• ,g. For convenience, we 
denote Xn+2g = Xn for n = 1, 2, • • • 2g. Define the surjective homomorphism 

* : Map(ifi(Sg; Z2); Zg) ^ Z^^ zf'^ zf^*') 

by 

*(/) {{f{Xii)}^^^ = lAfi.Xi^ + Xi^)}l<i^<i^<2g,{f{X^^ ^-X^^ + X^^)']x 



Lemma 4.8. 



Im(^'/3<,) = T?i e 2Zp^ e 4Zp). 



Proof. We examine the value of \l//3cr on $(Act (Xj^ , Xi^ , • • • , )) e i/i (7Wg,i [2] ; Z) , using Lemma 4.7. 
For / = /J<j$(Ao.(XiJ) where 1 < ii < 2^, we have 

f{X{) ^ J 1' ^' = ^^i+s' + x„,) = f{Xi +Xm+ Xn) = 0. 

I 0, otherwise, 

For / = p^^A^Xi^Xi,)) where 1 < ii < < 2g, 

f{Xi) = 0, 

fiX,+Xn^) = h if{^^.^™} = {^^.+.>^^.+.}. /(X,+X„+X„)=0. 
I 0, otherwise. 
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For / = (3^^{A„{Xi^,Xi^,Xi^)) where 1 < h < 12 < is < 2^, 

f{Xi) = f{Xi+X^)=0, 

4, ii {Xl,Xm,Xn} = {Xj^+g, Xj^+g, Xj3+g}, 



0, otherwise. 



We also have P^^{A„{Xi^,Xi^,- ■ ■ ,XiJ) = for n > 4. 

Since $ is surjective, we have determined the image of the homomorphism '^pa- CH 



By this lemma, we obtain the lower bound 



( 2") rj{ i) I 



2 



|//i(A^g,i[2];Z)| > \Zl<'®Zy> ®Z. 
Now, we determine the abelianization iJi(A4g,i[2]; Z) as a Z-module. 
Proposition 4.9. For g >2>, 

H^{Mgsm\'Z') = ® Zp^ ® Zpl 
Proof. Denote by (1) the cyclic group generated by 1 G Bg .^. We have 

Iz^^ezP ezp^l < \H,iMMz)\ < \bIj {i)\\H,iTM^)\- 

By the definition of Bg ^, it is easy to see that 

\BlJ (1) \\H,{Tg[2]; Z)| = |Z^« Zp^ Zp^]. 
By comparing the order of groups, we see that the surjective homomorphism 

^f3a : fri(7Wg,i[2]; Z) ^ Z|» © 2Zp^ © 4Zp^ 
is isomorphic. □ 
Remark 4.10. In particular, we have Kert = (1) when r = 1. 
Now, we prove Theorem 1.2. 

proof of Theorem 1.2. We compute the kernel of the homomorphism $ : Z8[-ffi(Sg,i; Z2)] — » iJi(A^(,,i[2]; Z). 
Since /3o- is injective, Ker/^CT^* = Ker$. Hence, by Lemma 4.7 we have 

4.Al{xi,X2),2Al{xx,X2,X2.),IS.'^{xx,X2, - ■ ■ ,Xn) G Ker$, 

for n > 3 and {a;j}^i C iIi(Sg^i; Z). By Lemma 4.6, it is easy to see that 

is generated by 

4A^(Xij,Xi2),2A^(Xij,Xi2,Xi3), AJJ(Xij,Xj2,- • • 

where {Xi}^^-^ C iJi(Sg^i; Z) is the symplectic basis. Hence, the submodule Lg^i is generated by these elements. 
An easy calculation shows that 

|Z8[iri(I]s,i;Z2)]/Lg,i| = IZ^^ezP ©zPl = \H^{Mg,i[2\-Z)\. 
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Therefore, the surjective homomorphism 

$ : Z8[ifi(Sg,i;Z2)]/Lg,i ^ H^{Mg,i[2]-Z) 

is isomorphic. 

If we choose the spin structure (Tq such that its quadratic function q^^ satisfies q„„{Xi) = 0, we have 
9(70 + a;2 H \- Xn) = ^ {xi ■ Xj)mo&2 = I{xi,X2,- ■ ■ ,Xn)- 

l<i<j<n 

Hence we have Aq = A^o, and Theorem 1.2 is proved. □ 

4.4 The abelianization of the level 2 mapping class group of a closed surface 

In this subsection, wo determine the abehanization of the level 2 mapping class group of a closed surface 'Eg. It 
is well-known that the homomorphism 

Mg,^m^Mg[2] 

is surjective. As stated in Johnson [13] Section 6, the kernel Ker(i?i(Zg,i; Z)^^^[2] Z)^^[2]) is 

generated by 

9 g 

J2^^B„ Y.'^iW^Bl^ iovX = Ai,Bi,--- ,Ag,Bg. 

i=l i=l 

Hence, Kcr(_ffi(Alg.i[2]; Z) _ffi(A1g[2]; Z)) is generated by the image of these elements under u. Therefore, 
Hi{M.g[2\\7i) is isomorphic to the quotient of 7i^[Hi{T,g^i\ Z2)]/Lg,i by the image of these elements under l. 
We write L{AiBi), u^AiBiX) as elements of 7i%[Hi{Y,gX, T^i)\lLg,\- As we saw in Lemma 4.5, we have 

i(AiBi) = 2$A2(Ai, Bi) + 4 (Ai) + 4 (Si) , 

and 



t(AiBi(B2 + 1)) = (Bi) + (Ai) + (Bi + B2) + (Ai + Bi) + (^1 + Bi + B2) + (Ai + B2) - (B2) 
= -$A3(^i, Bi, B2) + 2$A2(^i, B2) + 2$A2(Bi, B2) - 4 (B2) 
= $A3(Ai, Bi, B2) + 2$A2(Ai, S2) + 2$A2(Bi, B2) + 4 (B2) • 

Hence for X = Ai, Si, • • • , Ag, Bg, we have 

= ${2A2(A„ B,) + 4[yl,] + 4[B,]}, 

= ${A3(^i,Bi,X) + 2A2(A„X) + 2^l{A,,Bi) + 2A2(B„ X) + 4[A,] + 4[B,] + 4[X]}. 
Proposition 4.11. Let g>3. Denote by Lg the submodule 0/ Z8[-ffi(I]g; Z2)] generated by 

[0], 4A^(a;i,a;2), 2A^(a;i, 0:2, 0:3), A"(a;i 

j2ml{Ai,Bi)+4[Ai]+i[Bi]}, 

i=l 

a 

J2{^o{Au Bi,X) + 2Al{Ai, X) + 2Al{Bi,X) + 4[X]}, 

i=l 

for {xj} -Li C -ffi(Eg; Z2) and X = Ai,Bi, • • • , Ag, Bg. Then, we have 

Zs[H,{i:g;Z2)]/Lg^Hi{Mg[2];Z). 
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5 The abelianization of the level d mapping class group for odd d 

In this section, we prove Theorem 1.3. The exact sequence 

plays an important role. By the Lyndon-Hochschild-Serre spectral sequence, we have the exact sequence 

H,{Igy, Z) ^ H,{Mg,r[d\;Z) ^ H,{Tg[d];Z) ^ 0. 

5.1 Mode? reduction of inclusion homomorphism 

Lemma 5.1. Let g >3. The homomorphism Hi{Igy, Z) Hi{A4gAd\; Z) factors through Hi{Igy, Z) (g) Z4. 

Proof. For any pair of simple closed curves Ci, C[ which bounds a subsurface of genus 1 in the mapping 

class tcif^} is in Torelli group Jg^i. Johnson[9] showed that Ig^i is generated by all pairs of twists tcif^i, for 
g > 3 and such an bounding pair Ci, C(. In particular, 2g is also generated by pairs of twists as above. Johnson 
([11] Lemma 11) also shows that any pair of simple closed curves C2, C2 which bounds a subsurface in E^^^ 
satisfies (<C2^c^^)'' ^ [MgAd],IgA. 

Therefore for (p e Ig,r, we have [tp"^] = e Hi{A4g,r[d\',Z) for r = 0, 1. This proves the lemma. □ 

We have already determines the abelianization of level d congruence subgroup of the symplectic group in 
Section 2. We will construct the splitting of 

Hiilgy, Z) ® Zd -> Hi{MgAd];Z) ^ HiiTg[d]; Z) ^ 

for r = 0, 1, and prove Theorem 1.3 in the next subsection. 

5.2 Johnson homomorphism modd 

In this subsection, we state that the mod d reduction of the Johnson homomorphism can be defined on the level 
d mapping class group. 

For n > 2, we denote by Fn the free group of rank n, and by H := F„] the abelianization of F„. Let 

Aut(i^„) be the automorphism group of the free group Fn- Then, AutF„ acts on H. For a commutative ring 
R with unit element, denote the tensor algebra of ® i? by 

00 

f := ]J ff®™ O R. 

TO=0 

We denote fi := U^^^ iJ®' O i? for i > 1. 

Definition 5.2. The map : Fn ^ I + Ti is called R-valued Magnus expansion of Fn if 9 : Fn ^ 1 + Ti is a 
group homomorphism, and for any •y G Fn, satisfies 

0(7) = 1 + [7] (mod fa). 

In detail, see Kawazumi[14] Section 1 and Bourbaki[3] Ch.2, §5, no. 4, 5. In the following, we put R := Z^ 
for an odd integer d. We denote by 0m '■ Fn ^ fffSm ^ the m-th component of 9. Denote the kernel 

:= Ker(F„^if®Zd), 
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then the restriction of 62 to r2 H^'^ (g) is a homomorphism. For a, 6 € -F„, denote by A,B £ Hi{Fn\ Z) 
the homology classes. Then, we have 

62{aha-'^b-'^) = A®B-B(^A, 

Hence we obtain 

Prom the above calculation, we see that ^2|r^ is Aut f„-equivariant. Define the level d lA-automorphism group 
by /j4„[rf] := Ker(AutF„ — > GL{n; Z^)). For H* := Hom(if, Z), define the modrf Johnson homomorphism by 

Td-. IA„[d] llom{H,A^H (E)Zd) ^H* ®K^H®Zd- 

V ^ (N ^2(a;~V(a;))) 

Then, we see that is an Aut(i^„)-equivariant homomorphism, as in Johnson [10] Lemmas 2C and 2D, 
Kawazumi [14] section 3. 

Next, we state that we can define the modrf Johnson homomorphism on the level d mapping class group. 

Choose symplectic generators {oj, fo^jf^i of 7ri(Sg 1, *) (* g dTigi) which represent the symplectic basis {Ai, Bi]. 
Then we have the isomorphism 7ri(I]g,i,*) = -F2g, and H = Z). The action of A1g,i[<i] on the funda- 

mental group of the surface induces the homomorphism Alg,i[c?] IAn[d\. Hence we have the homomorphism 

Td : Mg,i[d\ ^H*<^ A^H ®Zd = H® A'^H ® Za 

which is independent of the choice of the generators of 7ri(Sg,i). Note that by the Poincare duality, we have 

H* A^ff ®Zd = H® A^H (g) Zrf. 

It is easy to see that the restriction of Td to Tg^i is equal to the modd reduction of the Johnson homomorphism. 
Now, we calculate the image of the Johnson homomorphism on the level d mapping class group. 

Lemma 5.3. For g > 3, 

Proof. By the Theorem 2.6, Alg^i[(i] is generated by the d times Dehn twists along all non-separating curves 
and the Torelli group Ig,i- For the simple closed curve Ci as shown in Figure 5, we have 

because d is odd. Since Tdjig ^ is equal to the modd reduction of the Johnson homomorphism, we also have 

Td{Ig,l)CA^H®Zd. □ 

Next, We will define the Johnson homomorphism Td for closed surfaces. 

Lemma 5.4. We consider Eg^i as a subsurface ofT.g. By gluing each mapping class on Sg.i with identity on 
the disk, we have the surjective homomorphism -Mg^iid] Aig[d]. Then, for g >3, the homomorphism 

Td:Mg[d\^A^H/H®Zd 

is well-defined. 
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Proof. It is known that Kcr(A^g,i [d] A4g [d] ) is generated by twisting pair TcT^-,} and separating twist T^s, i , 
where (C, C") be a pair which bounds subsurface of genus g — I (see Birnian[2] ppl56-160). By the result of 
Johnson [10] Lemmas 4A and 4B, we have Td(TaE^ J = 0, and Td{TcT^}) € H c A^H. Since H c A^H is a 
Sp{2g; Z)-invariant subspace, we see that of the closed surface is well-defined. □ 

We prove Theorem 1.3 using the homomorphism defined as above. 

proof of Theorem 1.3. Consider the homomorphism 

Td:Mg,i[d]^A^H®Zd, 
Td:Mg[d\^A''H/H®Zd, 

defined in Lemma 5.1. By the structure of the abelianization determined in Johnson[13] Theorems 3 and 6, 
induces the isomorphism 

i?i(Jg,i; Z) Zd ^ A^H O Zd, 
{Ig- Z) g) Zrf S A^'H/H ® Zd 

when d is odd. Hence, we have the splitting of the exact sequence 

Hi{Igy,Z) Zd ^ Hi{Mg,r[d\; Z) ^ Hi{Tg[d\;Z) ^ (r = 0, 1), 

by the homomorphism Td. This shows that 

]^A^H/H®Hi{rg[d];Z), when r = 
This proves the theorem. □ 
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